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AN ELLIPTIC PROBLEM WITH TWO SINGULARITIES 



GISELLA CROCE 



Abstract. We study a Dirichlct problem for an elliptic equation defined by a degenerate 
^ ^ ' coercive operator and a singular right-hand side. We will show that the right-hand side 

Cn ' has some regularizing effects on the solutions, even if it is singular. 



1. Introduction 
Q^ ' In this note we study existence of solutions to the foUowing elliptic problem: 

^ ' , ^ — div ; — i-^ I = - — — in il, 

-S; (1-1) < V(i + l"!)V l^r 

C^ ', y u ~ on 9r2, 

where J7 is an open bounded subset of M^, N > 3, p and 7 are positive reals, / is an L"^{Q,) 
non-negative function and a : i7 — > K is a measurable function such that < a < a{x) < /?, 
for two positive constants a and /3. 

The operator v — > —div f (ili y\)p ) is not coercive on Hq{Q), when v is large (see [131); 

CO . moreover, the right-hand side is singular in the variable u. These two difficulties has led 

us to study problem (jl.ip by approximation. More precisely, we will define a sequence of 
problems (see problems p.ip ). depending on the parameter n e N, in which we "truncate" 

C^^ ' the degenerate coercivity of the operator term and the singularity of the right hand side. 

^^ , We will prove in Section [5] that these problems admit a bounded iifo(^) solution u„. n S N, 

with the property that for every subset uj CG fl there exists a positive constant c^ > such 
that u„ > c^ almost everywhere in w for every n € N. In Scction[3]we will get some a priori 
estimates on u„ and, by compactness, a function u to which u„ converges. By passing to 
the limit in the approximating problems (j2.ll) . u will turn out to be a solution to problem 
^ ' (jl.ip in the following sense. For every w CC il there exists c^ > such that u > c^^ > in 

^ , uj and 



(1.2) /a(x)^^^=/4^ y^eC'.m. 

We are now going to motivate the study of problem (ll.lf) . The lack of coercivity of the 
operator term can negatively affect the existence and regularity of solutions to 

(1.3) { \{l + \u\)p) ' 

u = on dVl. 

This was first pointed out in [7], in the case p < 1. In the case where p > 1, the authors of 
[T] proved that no solutions exist for some constant sources /. 

A natural question is then to search for lower order terms which regularize the solutions 
to problem (|1.3p . This leads to the study of existence and regularity of solutions to problems 
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of the form 



(1.4) <^ \{i + Hr 



div ( ,/,,,.„„ ) + 5(", Vw) = / m n, 
on dn, 



under various hypotheses on g : ft x M^ — > M. In [5] the case g = 17(5) = s was examined. 
This work takes advantage of the fact that, just as for semihnear eUiptic coercive problems 
(cf. [S]), the summability of the solutions is at least that of the source /. In [TU] we analysed 
two different lower order terms g = g{s). The first, a generalization of the lower order term 
studied in [B], is g{s) ~ \s\^~^s, r > 0. The second is a continuous positive increasing 
function such that g{s) — >■ +00, as s — >^ s^, for some sq > (see [3]). The lower order term 
of [U is, roughly speaking, &(|s|)|^[^ where b is continuous and increasing with respect to 

\s\. In [11] we showed the regularizing effects of the lower order term g{s,^) = , q > 0, 

which grows as a negative power with respect to s and has a quadratic dependence on the 

gradient variable (see [5] and [5] for elliptic coercive problems with the same lower order 

term). 

In all of the above papers a regularizing effect on the solutions to (|1.3|) was shown under 

a sign condition on g: either g{s, ^) > for every (s, ^) e R x R^ and the source is assumed 

to be positive or g{s,£^)s > for every (s,^) G M x M^. 

/ 
In this paper we study the effects on the solutions of a different term, — , on the right 

hand side. Our inspiration is taken from [5] where the authors considered the same right 

/ . 
hand side, for elliptic semilinear problems whose model is — Au = — , with zero Dirichlet 

, u'' . , , , 

condition on the boundary. Our main result shows that, despite the singularity in u, this 

term has some regularizing effects on the solutions to (|1.3p . The regularity depends on the 

different values of 7 — p : we distinguish the cases p—1 < 7 <p+l, 7 =p+l, and 7 > p+l. 

These statements are made more precise in the following 

Theorem 1.1. Let 7 > p - 1. 

(1) Let J < p+l. 

(a) // / G i™(r2), with m > , there exists a solution u G H^{Q) 

2* N 

to il.li) in the sense of U.2\) . If < m < — , then u belongs to 

2*— p— 1+7 2 

f 1* 1 2* 

(b) /f f G i"(r2), with max <^ 1, > < m < , there 

^ ^ ^ ' \ 2-l*-p-l + 7j 2*-p-l+7 

1 Nm{^ + 1 — p) 
exists a solution u G Wn'^iVl), a = -, to \l.l\ i in the sense of 

" ^ ^ N ~m{p+l~j) ^ 

El. 

(2) Let J — p + 1 and assume that f G L^{fl). Then there exists a solution u G iifp (51) 
to hLl\) in the sense of iLS^) . 

(3) Let 7 > p+ 1 and assume that f G L^{fl). Then there exists a solution u G Hl^^{fl) 

to \1.1\) in the sense of U.^) . such that u 2 £ Hq{Q.). 

N 

(4) Let f G -L'"(f2), with m > —. Then the solution found above is bounded. 
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Let US point out the regularizing effects of the right hand side. It is useful to recall the 

Nmll — p) 
results obtained in j7| for problem (II. 3p . Let p < I and q ~ -— -, r- . 

N — m(l + p) 

2N 

a) If 1 < m < -, then there exists u £ W^-'^{n) or |Vm|* G L'^{ft), 

Vs < q. 

b) If < m < — , then there exists u G H},(n) n L'""(i-P)(f7). 

N 

c) If m > — , then there exists u G i?o(^) ^ i°°(^) • 

We now compare the sunmrabilities obtained in Theorem II .11 to the previous ones. First of 
all, we have a solution for every p>0, if7>p — 1. This is not the case for problem (|1.3p . 
as proved in [I]. Under the same conditions on /, the summability of the solutions to (|1.1[) 
is better than or equal to that of the solutions to (jl.3p . since a > q and ■m**{-f + 1 — p) > 
m**{l —p). Moreover, we get H^iyi) solutions for less regular sources than in [7]. Indeed, 

2* 2N 

if p - 1 < 7 < p + 1, one has — — — < — — — -— — — -; if 7 = p + 1 we get a 

2*-p-l+7 N{1- p) +2{p+l) 

finite energy solution for every L^iVl) source. 

2. Approximating problems 
As explained in the Introduction, we will work on the following approximating problems: 

f-divf^^i&VU^^^^ inl7, 
I u„ = on dVt, 

where n G N and 



(2.2) T^{s) 



Observe that we have "truncated" the degenerate coercivity of the operator term and the 
singularity of the right hand side. 

Proposition 2.1. Problems i2. 1\) are well posed, that is, there exists a non-negative solution 
Un G Hq{Q) n L°°{fl) for every fixed n G N. 

Proof. In this proof we will use the same technique as in [8]. Let S : L^(ri) — > L^(51) be the 
map which associates to every v G L^(Sl) the solution w„ G -ffo(f^) to 




(2.3) 



, a{x)\'Wn \ Tn{f) . 

-div -— — -^ = =— T7 m i2, 

Wn — on dfl. 



Observe that S is well-defined by the results of [12] and Wn is bounded by the results of 
[I4] . Let us choose w„ as a test function. Then, 



f \VWn\' f a{x)\VWn\' _ f TM)Wn ^+1 /■ 1^ I < |r)|l/2„7+l||^ 
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by the hypotheses on a and Holder's inequality on the right hand side. Poincare's inequality 
on the left hand side implies 

Thus there exists an invariant ball for S. Moreover it is easily seen that S is continuous 
and compact by the ifQ(Sl) M> L^(J7) embedding. By Schauder's theorem, S has a fixed 
point. Therefore there exists a solution u„ G .ffo(^) to problems (j2.1[) . Observe that u„ is 
bounded; by the maximum principle, m„ is non-negative since / is non-negative. D 

Remark 2.2. We remark that the existence of solutions to 112. 1\) could not be inferred by 
the results established in [7] . 

Proposition 2.3. Let it„ be the solution to problem 112. 1\) . Then it„ < Un+i a.e. in Q.. 
Moreover for every w CC 51 there exists c^^ > such that Un > c^, a.e. in lo for every n S N. 

Proof. We will use the same technique as in |13j to prove uniqueness of the solutions to 
problem (|1.3p . In the proof C will denote a positive constant independent of n (depending 
on a,P,p and the constant V of Poincare's inequality). The solution u„ to problem (|2.ip 
satisfies 

a{x)VUn \ _ Tn{f) Tn+lif) 



-div 



< 



Therefore 



a{x)'Vun 

(i + r„K))p " (i + r„+iK+i))p 



a{x)'Vu„+i 



= Tn+lif) 



[un + ^) (un+l + ;^) 



< 0. 



By choosing Tk{{un — Un-i-i)^) as a test function wc get 

|VTfe(K-u„+i)+)|2 



f |VTfe(( 



+ Tn{Un))P 



<P I Vu„+i • VTk{{Un - u„+i) + ) 



1 



(i + t„+i(m„+i))p (i + r„K))p 



by the hypotheses on a. In {0 < u„ — Un+i < k} one has 



1 



1 



(i + T„+iK+i))p (i + T„K))p 

Therefore 

\VTk{{U: 



<k 



1 



1 



(i + r„+iK+i))?' (i + r„K))p 



-tn+lj 



Ck 



/ 



o (i + r„(M„))p 



< 



|Vw„+i||vrfc((w„ - w„+i)" 

{0<M„-M„ + l<fc} 

For sufficiently small fc, one has in {0 < u„ — u„+i < fc} 
11 1 



1 



1 



(i + r„+iK+i))p (i + r„(u„))p 



< 



< 



2P 



2P(l+T„(w„))P - (l + T„+i(u„+i))P - (1 + T„(m„))p 
This implies that 

o (l + 7^„K))^ 



<Ck 



|Vu„ 



+1 



|vrfc((w„-u„+i)+)| 



{0<M„-U„+i<fc} 



(1 + T„+i(u„+i))p/2 (1 + T„(m„))p/' 
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Holder's inequality on the right hand side gives 



^ (i + r„K))p 



<Ck 

and then 
(2.4) 



iVii, 



n+l 



(i + r„+iK+i))j' 



{0<M„-M„ + i<A;} 

'n {l+Tn{Un))P 



\vn{{z 



Un+1 



1 + ^|2 



{0<M„-M„ + l<fe} 



(i + r„K))p 



<Ck^ 



|Vu„+ip 



{0<tt„--M„ + i<A;} 

On the other hand, by Poincare's inequality and (|2.4p 
k^\{0<Un-Un+i <k}\ < 



(1 + T„+i(m„+i))p 



<Cfc2 



|vrfc(K-M„+i)+)|^ 
n (i + r„(u„))p 



(i + r„K))p 



that is, 



{0<u„-u„+i<fc} 



\{0 < u^ - u„+i < k}\ < C 



(l+T„+iK+i))P' 



|Vii„+i|2(l + n)P 



(l + T„+iK+i))P 

{0<M„-U„ + i<fc} 

The right hand side of the above inequality tends to 0, as fc — !• 0. Therefore |{0 < u„ — 
Un+i < fc}| — )■ as A; — !• 0. This implies that u„ < Un+i a.e. in fi. 

We remark that wi is bounded, that is, |ui| < c, for some positive constant c. Setting 

h{s) = I — — ^ /j_\\„ 1 "WG have 



il + Tiit))P 

— div (a(x)V(/i(ui))) = — div ( a{x) 



Vui 



ri(/) 

(1+Ti(ui))p; - (c+l)7 



> 



Let z be the HQ{n) solution to — div (a(a;)Vz) = 



Tiif) 



By the strong maximum prin- 



ciple, for every uj CC fl there exists a positive constant c^j sueh that z > c^j a.e. in ui. By 
the comparison principle, we have h{ui) > z a.e. in 51. The strict monotonicity of h implies 
the existence of a constant c^ > 0, for every w CC 51, such that u\ > Cuj a.e. in uj. Since 
Un is an increasing sequence, as proved above, u„ > c^^ a.e. in w for every n £ N. D 

3. Existence results 

We are going to prove in the following three lemmata some a priori estimates on the 
solutions Un to problems (|2.ip . They will allow us to show Theorem ll.il In the proofs C 
will denote a positive constant independent of n. 



Lemma 3.1. Assume that p — 1 < ^ < p + 1. 



(1) Let f e L'"(51), with m > 



2* 



2* -p- 1 + 7 
uniformly bounded in Hq{Q,). If 



Then the solutions Un to 112. 1\) are 



N 



are uniformly bounded in L™ ^'^^^ '"•'(O). 



— < m < — then the solutions u„ 
2*-p-l + -f- 2 



(2) Let f e L"(r2), with max <^ 1 
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2- 1* -p- 1+7 



<m < 



Then the 



solutions Un to \2. 1]) are uniformly hounded in Wf^''^{^), a 



2* -p- 1 + 7 

Nm{"f + 1 — p) 



A^ + 7?7i — m(jj + 1) 



Proof. In case (1) let us choose (1 + u„)p+^ — 1 as a test function; the hypotheses on a imply 
that 

a(p + 1) 



„,i+T„,„j,,-(>+-)'^^7J^«""^ 



By Sobolev's inequality on the left hand side and Holder's inequality with exponent to 

2* 2N 
— — 7 -. -(> 1) on the right one, we have 

2*-p-l+7 iV(7 + l-p)+2(p+l-7)^ ^ ^ 

5a(p+l)||u„||2 ._ <a(p+l)||V7/„||2 _ < ||/|| 



L^ (O) 



L^{n) 



L"(n) 



|m'(p+l-7) 



2 1 

We remark that 2* = rn'fp + 1 — 7). Moreover — > ^ as 7 < p + 1. Then the above 

2* TO 

estimate implies that the sequence u„ is bounded in L^ (ft) and in H^{n). 

We are now going to prove that w„ is bounded in L'" '■'''^^~p'>{D,), ii m < —. Let us 
choose (1 + UnY — 1 as a test function: by the hypotheses on a, one has 



4aS 



(-p + (5 + l)2 



|V[(l + w„)- 



= aS 



|Vu„ 



<ad 



IVm, 



6 1 1 ,^ y'^ I /^~^ / I-' I 



n^Tf ,^{^+^nY-'< I -^^[{Ur. + lr-l]<C + C . 
O (1 + r„(u„))P Jn (u„ + i)T 7o (m„ + 1) ''+T 

By Sobolev's inequality on the left hand side and Holder's inequality on the right one we 
have 



[(l+w„) 



-p+^+i 



L^n 



<C||/|| 



L"(^^) 



\^^^^iyn'(s-^) 



, ,, , , {1 + 5 -p)N (S-j)m. ,2 1 , . c- l-p)iV TO-1)+7TO A^-2 

Let S be such that -^ ^-^- = ^ '-— and — > — , that is, 5 = ^ i-^-^ J < i v i 

TV - 2 m - 1 2* - m' N - 2m 

N 2* 

and TO < — . We observe that (— p + (5 + 1) — = m**(7 + 1 — p) > 1. This implies that m„ 

is bounded in L™"(''+i-P)(r2). 

In case (2), let us choose (1 + u„)^ — 1, 9 = 

function. With the same arguments as before, we have 

iVu 12 



(p - l)iV(m - 1) - jm{N - 2) 



2m -N 



, as a test 



[(l + u„)^^-l]| 



<C 



il+Un))P-(>+ 



T<C\\f\\ 



L"(n) 



i„ + l|™'(''-'^) 



]V(l + 8-p) 

As above, we infer that Un is bounded in L "-2 (57). We observe that p — 6* + 1 > and 

ArTO(7+ 1 -p) „ , , . „, . . 

1 < (7 = ^77 : : r < 2, by the assumptions on m. Writmg 



TV — to(p + 1 — 7) 



\\7u„ 



|Vu„ 



n (l+UnY 



e+ri^ + Un)° 
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and using Holder's inequality with exponent — . we obtain 



ivu„r < 



|Vit„ 



N -2 



, that is, a 



n (1 + u.n)P-o+^ 

the sequen 

Nm{'y + 1 — p) 
A^ — m(p + 1 — 7) 






The above estimates imply that the sequence u„ is bounded in WQ''^(ri) if a— 
N{l + 9-p) 



2-cr 



D 



Lemma 3.2. Assume that 7 = p + 1 and f £ L^(fl). Then the solutions Un to h2.1]) are 
uniformly hounded in Hq[VI). 

Proof. Let us choose (1 + UnY^^ — 1 as a test function. Using that a{x) > a a.e. in J7, we 
have 

The previous estimate implies that the sequence Un is bounded in H}^[n). D 

Lemma 3.3. Assume that 7 > p + 1 and f G L^(il). Then the solutions Un to h2.1]) are 

such that Un ^ is uniformly hounded in Hq{VL), w„ is uniformly hounded in L 2 ^ (f2) 
and in H^^^iyi). 

Proof. If we choose m7j as a test function and use the hypotheses on a we get 

4a7 



(7 + 1 - p)2 



V(u„ ^ ) 



a7 



|v«„p<-^-^< / |/|. 



This proves that the sequence u„ ^ is bounded in i/Q(r2). Sobolev's inequality on the left 

7+1— p 
hand side applied to w„ ^ gives 



(3.1) 



<C. 



Let us prove that w„ is bounded in Hl^^{Vt). For <p g Cq (^2) we choose [(u„ + IjP'*'^ — 1](^2 as 
a test function in p.lj) . Then, if w = {<p 7^ 0}, one has by the hypotheses on a and Lemma 

a(p+l) / |Vw„|V' + 2a f Vu„-Vipipun< f -JIl^-[{un + ir+' - Ijif"" 
Jn Ja Jo. [Un + -P 

< /a|/|v.2<a||^f f \f\, 
Jn ^ (") Jn 

where C^j is a positive constant depending only on a; CC fi and p. Then 

(3.2) (p+1) / |Vu„|V'<-2 / Vu„-V(/9(/9u„ + — ll^f f \f\. 

Jn Jn a L°°{n} J^ 

Young's inequality implies that 



Vu„ • V(/9 if Ur, 



2„,2 



From (13.21) we infer that 



'n Jn 



2 2 I ^^ 11 i|2 



P/ |Vu„|V< / |v^|V„ + — ll^f^^^^ / l/l 

Jn Jo a i (f^)Jn 
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Since m„ is uniformly bounded in L^{Vt) by ()3.ip . this proves our result. D 

We are now able to prove Theorem ll.il 

Proof. We will prove point (1); the second and the third point can be proved in a similar 
way. Lemma 13.11 gives the existence of a function u £ -ffg(51) such that Un — >■ u weakly 
in Ho(r2) and a.e. in $7, up to a subsequence. We will prove that m is a solution to (jl.ip 
passing to the limit in (|2.ip . For every ip € Co(ri), 

a{x)'Vun ■ V(/3 f a{x)Vu ■ "S/tp 



since — > :— in U(^), for every r > 1. For the limit of the right hand 

(i + r„(u„))p (i + u)p 

side of p.l[) . let oj — {ip ^Q}. One can use Lebcsgue's theorem, since 



Tnif)^ 



l\-< 



<l^ 







A\e case where 

2* ^ 


2* N 
< m < — 

-p-1+7 - 2 



where c^ is the constant given by Lemma [ 

since to**(7 + 1 — p) > 1, Lemma [3.11 implies that u„ converges weakly in L™ (T+i~P)(ri) 
to some function, which is u by identification. 

To prove that u is bounded for 7 > p — 1, let us choose [(u„ + 1)'''+^ — (A: + 1)'''+^]_|_ as a 
test function in (12.11): 



(3.3) a(7 + l) / ———r—-< I/I ^ — T— <c(7)/ |/|K-A:), 

where A/j = {u„ > fc} and 0(7) denotes a positive constant depending only on 7. 

For p — 7 < 0, p.3p is the starting point of of the proof of Theorem 4.1 in [T3]. For 
< p — 7 < 1, p.3p is the starting point of Lemma 2.2 in [7]. In both cases m„ is uniformly 
bounded in L°°{VL) and therefore (at the a.e. limit) the solutions u found in the previous 
results are bounded. D 

Remark 3.4. We observe that we have the houndedness of the solution to problem il.l]) for 
any value of j > p — 1. 
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